Abstract: For the first time, to the best of our knowledge, analytical expressions for mutually compensating the curved mirror astigmatism in the two terminal arms of a folded resonator are deduced and experimentally verified. The analytical expressions are derived using the theory of the propagation and transformation of Gaussian beams under few assumptions. Our exact analytical expressions describe the necessary and sufficient conditions for simultaneously compensating astigmatism in two arms of a sequence of two off-axis curved mirrors. The theoretical results indicate that, when the astigmatism compensation expressions are satisfied, the astigmatism introduced by a folded curved mirror can be mutually compensated by another folded curved mirror, even if there is no additional Brewster element inside the cavity. The astigmatism can only be successfully eliminated by using a pair of concave mirrors or convex mirrors. Our analytical expressions can be used to design astigmatically compensated folded resonators without a Brewster element. A typical side-pumped z-shaped cavity Nd:YAG laser is employed to demonstrate the astigmatic compensation. Experimental measurements of the pattern of the laser output beam show that not only the spot intensity profile deformation but, in addition, the phase distortion in the two terminal arms can be simultaneously compensated completely in the cavity, which is in good agreement with the analytical predictions.
Introduction
Multi-mirror folded resonators are widely used in lasers to provide several small intracavity focal spots and reduce the dispersion and volume of the lasers. The primary disadvantage of using Fig. 1 shows a widely used z-shaped folded resonator that uses a combination of two spherical mirrors M 1 and M 2 . The oblique angles of incidence that occur at M 1 and M 2 produce astigmatism that diminishes the laser performance. The conventional approach for investigating resonator astigmatism primarily involves cumbersome numerical calculation methods. The resonator mode parameters are obtained through complicated calculations that require the iteration of geometric parameters and are therefore inefficient and tedious. In this paper, we deduce exact analytical expressions for the mutual astigmatic compensation for curved mirrors in a folded resonator. The cavity mode parameters of the designed resonator are specified, and the geometric parameters of the astigmatically compensated resonator are determined by using the exact analytical expressions. Thus, astigmatically compensated resonators can be designed in a simple and straightforward manner.
Astigmatic Compensation Methods
In this section, we derive exact analytical expressions for astigmatic compensation by investigating a special transformation relationship of astigmatism-free Gaussian laser beam propagation through a sequence of two off-axis curved mirrors. In the derivation, the lenses F 1 and F 2 replace the curved mirrors M 1 and M 2 in Fig. 1 , respectively. Fig. 2 gives the schematic configuration of the beam spot radii and wavefront radii of curvature versus optical axis in a laser resonator. The transformations of the orthogonal sagittal and tangential planes are performed in a single plane to demonstrate the difference between the beam transformations. The beam radii in the sagittal and tangential planes are indicated by a solid red line and a dashed blue line, respectively. The dotted red and dotted blue lines indicate the wavefront radii of curvature at the lens F 2 in the sagittal and tangential planes, respectively. The beam waist radius w 1 and the distance l 1 from the lens F 1 in Fig. 2 correspond to the beam waist radius at the flat mirror M 3 and the distance between M 3 and M 1 in Fig. 1 , respectively. Analogously, the beam waist radius w 0 2 and the distance l 0 2 from the lens F 2 in Fig. 2 correspond to the beam waist radius at the flat output coupler mirror M 4 and the distance between M 4 and M 2 in Fig. 1 , respectively. A primed symbol represents a quantity in image space, and a non-primed symbol represents a quantity in object space. R is the radius of curvature of the wavefront of the Gaussian beam, and L denotes the distance between F 1 and F 2 in Fig. 2, i. e., the space between M 1 and M 2 in Fig. 1 . The effective focal lengths of the lenses F i , which are related to the focal lengths of the curved mirrors in the sagittal plane (as denoted by the subscript s) and the tangential plane (as denoted by the subscript t ) are both given by [1] 
where i is the angle of incidence at the lens F i , as shown in Fig. 1 . The subscripts s and t denote the sagittal and tangential planes, respectively, and the subscript i can equal 1 or 2, corresponding to the lens F 1 or F 2 .
We use the theory of Gaussian beam transformation and propagation to develop a set of equations involving the cavity parameters l 1 , w 1 , f 1 , 1 , f 2 , 2 , and L. The solution of these equations produces exact analytical expressions for L and 2 (which are termed astigmatism compensation formulae) and their conditions of application. We also prove that for every set of parameters l 1 , w 1 , f 1 , 1 , and f 2 , there is a unique solution set for 2 and L that allows the curved mirror M 2 to completely compensate the astigmatism caused by the curved mirror M 1 . We use the following approach to design a multi-mirror folded cavity that simultaneously compensates the astigmatism in the two terminal arms (as in Fig. 1, for example) . Firstly, an appropriate cavity mode parameter w 1 is chosen according to the design requirements, and the geometric parameters l 1 , f 1 , 1 , and f 2 are chosen, depending on the application. Then, the geometric parameters 2 and L can be obtained from the astigmatism compensation formulae that are derived below. Fig. 2 shows that when a round astigmatism-free Gaussian beam passes through the off-axis lens F 1 , two new discrepant Gaussian beams are formed, one in the tangential plane and the other in the sagittal plane, because the focal lengths of these two planes are not equal. Let us suppose that the two Gaussian beams coincide in the image space of the second lens, i.e., lens F 2 completely compensates the astigmatism caused by lens F 1 , such that
Here,w In this section, we use the parameters l 1 , w 1 , f 1 , 1 , f 2 , 2 , and L to solve (2) and (3) and obtain the necessary and sufficient conditions for astigmatism compensation. A new Gaussian beam is formed when a round astigmatism-free Gaussian beam with a beam waist that is a distance l away from lens F and a beam radius w , passes through lens F with a focal length f . This new beam is characterized by the parameters w 0 , the new beam waist radius, and l 0 , the spacing between the new beam waist position and lens F . To simplify the operations below are simplified by defining a beam waist parameter b as follows [9] :
Equation (4) can be used to rewrite the transformation formulae of a Gaussian beam passing through a lens, as given by Kogelnik [10] :
Here, a primed symbol represents a quantity in image space, and a non-primed symbol represents a quantity in object space. The effective focal lengths for the sagittal and tangential planes are different for lens F 1 ; thus, (5) and (6) must be applied separately for the two orthogonal planes. Combining (5) and (6) with (1) and considering the different effective focal lengths in the sagittal and tangential planes yields
where the subscript 1 denotes the Gaussian beam that propagates through the first lens F 1 , and the subscripts s and t denote the sagittal and tangential planes, respectively. The "two new Gaussian beams" are separately uniquely identified by the pairs w . We now use (4) to rewrite the expression for the free-space propagation of a Gaussian beam and obtain the beam radius w ðzÞ and the wavefront radius of curvature RðzÞ at a distance z away from the beam waist as follows [9] , [10] :
Equations (11) and (12) are used to obtain the beam radius w 2s ðl 2s Þ in the sagittal plane and the wavefront radius of curvature R 2s ðl 2s Þ at a distance l 2s away from the beam waist w 2s (i.e., at the left surface of lens F 2 ) in the sagittal plane, as shown in Fig. 2 :
Similarly, w 2t ðl 2t Þ and R 2t ðl 2t Þ in the tangential plane can be written as
Assuming that lens F 2 is sufficiently thin and using the continuity of the propagation of a Gaussian beam, we obtain w 0 2s ðl 2s Þ ¼ w 2s ðl 2s Þ and w 0 2t ðl 2t Þ ¼ w 2t ðl 2t Þ. Equation (2) can then be rewritten as
The beam radius w 2s ðl 2s Þ as given by (13) and the beam radius w 2t ðl 2t Þ as given by (14) are substituted into (15) to obtain
Setting L ¼ x in (16) yields
Consider a round astigmatism-free Gaussian beam with a beam waist radius w 1 at a distance l 1 from lens F 1 that passes through lens F 1 . Then, from the continuity of the propagation of a Gaussian beam, ¼ 0, which can be used to further simplify (17) as follows:
Solving (18) (7)- (10) into the solution and simplifying produces an expression for x as a function of the parameters l 1 , w 1 , f 1 , and 1 :
where we have defined b 1 ¼ w 2 1 = using (4). Equation (19) can also be rewritten as
The exact analytical expression in (19) can be used to directly calculate the value of the distance L between lens F 1 and another intersection point of the two new Gaussian beams in the two orthogonal planes after a round astigmatism-free Gaussian beam passes through lens F 1 . That is, we can immediately identify a position to place F 2 (where L is the spacing between lenses F 2 and F 1 ) for the set of parameters l 1 , w 1 , f 1 , and 1 . The value of L computed using the exact analytical expression for L from (19) must be a positive number for practical applications (which is known as the application condition for (19). It is easier to use the exact analytical expression for L in (20) to analyze the relationship between the spacing L and the parameters l 1 , w 1 , f 1 , and 1 . Equation (19) or (20) is the first of two necessary and sufficient conditions for compensating astigmatism. When the distance L satisfies (19) or (20), the beam radii at the lens F 2 in the sagittal and tangential plane are completely compensated. In this section, we derive the second necessary and sufficient condition for compensating astigmatism. When a wavefront radius of curvature R at the left of a lens is transformed into a wavefront radius of curvature R 0 , the laws of geometrical optics can be used to relate the radii R and R 0 as follows:
The effective focal length is different in the sagittal and tangential planes for F 2 . Substituting (1) into (21) and recalling (3) yields
Setting y ¼ cos 2 and inserting this expression into (22) produces a quadratic equation for the parameter 2 :
The discriminant Á ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi f 2 2 ðð1=R 2t ðl 2t ÞÞ À ð1=R 2s ðl 2s ÞÞÞ 2 þ 4 q 9 0; thus, there the two distinct roots for (23) are
where r ¼ ð1=R 2t ðl 2t Þ À ð1=R 2s ðl 2s ÞÞ corresponds to the difference between the wavefront radii of curvature in the sagittal and tangential planes. Substituting the wavefront radii of curvature R 2s ðl 2s Þ from (13) and R 2t ðl 2t Þ from (14) into the parameter r yields
This expression for r can be rewritten in terms of the parameters l 1 , w 1 , f 1 , and 1 . Thus, we insert (7)- (10) and (19) into (25) and simplify the result as follows:
In practice, 0 2 G ð=2Þ, which restricts the solutions to the range 0 G y 1 because y is the cosine of 2 . Therefore, y 1 G 0 is not a physical solution. We have proved that 0 G y 2 1 when f 1 and f 2 have the same sign (i.e., the folded curved mirrors M 1 and M 2 are both concave or convex), (please see the Appendix). Hence, y 2 is the only physical solution and can be used to obtain
The exact analytical expression for 2 given by (27) is the second of the two necessary and sufficient conditions for compensating astigmatism. When the angle of incidence 2 at lens F 2 satisfies (27), the wavefront radii of curvature at the right surface of lens F 2 in the sagittal and tangential planes are completely compensated. Furthermore, (19) or (20) have equalized the beam radii at the lens F 2 in the sagittal and tangential planes. Therefore, the astigmatism is compensated completely in the image space of the second lens F 2 because the beam radii and the wavefront radii of curvature of the Gaussian beam are equal in the sagittal and tangential planes, respectively. At the beginning of the derivation, we assumed that a round astigmatism-free Gaussian beam passes through lens F 1 . From the principle of optical reversibility, the astigmatism in the object plane of the first lens F 1 is compensated completely. Consequently, the astigmatism in the two arms of a sequence of two off-axis curved mirrors is simultaneously completely compensated. The Appendix and (27) show that the curved mirror M 2 can compensate the astigmatism introduced by the other folded mirror M 1 only if M 1 and M 2 are both concave or convex. Thus far, we have derived exact analytical expressions for the necessary and sufficient conditions for the astigmatic compensation of a folded resonator. Equations (19) and (27) describe L and 2 in terms of the parameters l 1 , w 1 , f 1 , f 2 , and 1 and are the most significant expressions in this paper. When the two astigmatism compensation conditions are satisfied, the folded curved mirror M 2 can completely compensate the astigmatism introduced by the other folded mirror M 1 . That is, the astigmatism in the two terminal arms of the folded resonator can be completely compensated even if there is no additional Brewster element inside the resonator, as shown in Fig. 1 .
In this section, we use an example to further study astigmatism compensation by applying our exact analytical expressions for the mutual astigmatic compensation for curved mirrors. We use the mode parameter w 1 ¼ 100 m and a geometric parameter f 1 ¼ 100 mm as an illustration.
The analytical expression given in (19) is used to plot a diagram for the interdependent relationship between the spacing L and the parameters l 1 and 1 , as shown in Fig. 3(a) . The figure shows that the value of L decreases continuously as l 1 or 1 increases. Every point on the curve in Fig. 3(a) corresponds to a distance L that can completely compensate the Gaussian beam radii at the lens F 2 in the sagittal and tangential planes. Therefore, the beam radii are compensated at the lens by choosing a suitable distance L. Fig. 3(b) shows the relationship between the incidence angle 2 and the parameters f 2 for different values of 1 using (27). In Fig. 3 (b), the calculation parameters are w 1 ¼ 100 m, f 1 ¼ 100 mm, and l 1 ¼ 121:8 mm. Every point on the curve in Fig. 3(b) corresponds to an angle of incidence 2 that completely compensates the wavefront radii of curvature of the Gaussian beam in the sagittal and tangential planes. The beam radii and the wavefront radii of curvature of the Gaussian beam are equal in the image space of the second lens F 2 in the sagittal and tangential planes, respectively; thus, the astigmatism in all of the image space is completely compensated. Fig. 3(b) shows that the value of 2 continues to increase with f 2 or 1 . Additionally, for each focal length f 2 , there is only one corresponding incidence angle 2 for which M 2 completely compensates the astigmatism in the two terminal arms. In this section, we investigate the relationship between one of the terminal waist parameters w 0 2 and l 0 2 and the other terminal waist parameters w 1 and l 1 in an astigmatism-free cavity, as shown in Fig. 2 . We assume that in a folded resonator with a spacing L and an incidence angle 2 , as computed by (19) and (27), the astigmatism introduced at M 1 is compensated completely by another folded mirror M 2 (i.e., w
. In this case, the terminal waist parameters w 0 2 and l 0 2 can be calculated in the sagittal or tangential planes, respectively. Considering one of the two orthogonal planes in image space of F 2 as an example, the same result is obtained. In the tangential plane, we combine (4)- (6) with (1) to obtain
where the parameters b 0 1t and l 0 1t are given by (9) and (10), respectively. Equations (28) and (29) can be used to directly calculate the terminal beam waist radius w Fig. 4(a) . The figure Fig. 1 shows the z-type folded resonator that is designed to experimentally verify the astigmatism compensation formulae obtained above. A side-pumped module (GTPC-75S, GT LASER Co., Ltd., China), which consists of a È3 Â 65 (mm) Nd:YAG crystal and several laser diode bars, is used as the gain cell in our experiment. M 1 and M 2 are both concave mirrors with radii of curvature of 200 mm and 500 mm (the corresponding focal lengths f 1 and f 2 are 100 mm and 250 mm), respectively, and M 3 and M 4 are both plane mirrors. A spot radius w 1 of 100 m on the plane mirror M 3 is designed to meet the application requirements. For a distance l 1 between M 1 and M 3 of 121.8 mm, and the oblique angle of incidence 1 of 30 at the curved mirror, the spacing L between M 1 and M 2 from (19) derived above is 425.7 mm. It is straightforward to obtain the required oblique angle of incidence 2 of 45 at the curved mirror M 2 using the second astigmatism compensation equation (27) . Then, the astigmatism in both the terminal arms of the folded concave mirror series are completely compensated simultaneously. For our resonant structure, which is free of astigmatism in the two terminal arms, it is simple to calculate other parameters, such as the terminal beam waist radius w Taking into account the thermal lensing effect of the laser crystal, we use two flat mirrors in the cavity stability condition method [11] - [13] to measure the focal length of the laser media. The focal length is measured at 89.3 cm for a laser diode driving current of 7.8 A. The thermal lens causes the distance between M 2 and M 4 to change to 321 mm. Thus, the astigmatic aberration should be completely eliminated in both of the terminal arms. Fig. 5 shows the intensity profile for each of the two terminal arms as measured by a laser beam analyzer (SP503U, Ophir Optronics Solutions Ltd., Israel). In Fig. 5(a)-(d) , the cavity parameters which have been given in the previous paragraph, satisfy our astigmatism (19) and (27), respectively, the circular transverse pattern of the output beam can be less deformed than the other cases.
Experiment and Discussion
In fact, ones might be interesting in the difference between the phase distributions in the sagittal and tangential planes of the beam outputted by folded resonators. In this section, we discuss the phase distortion compensation of the astigmatically compensated z-shaped folded resonator that we have designed and used in our experiment. The phase distributions of fundamental mode Gaussian beam are determined by [14] 'ðx ; y ; zÞ
where, kz is the geometric phase shift, R represents the wavefront radius of curvature, arctgðz=bÞ denotes the Gouy phase shift and b is equal to w 2 0 =. Equation (30) describes the phase lags of Gaussian beam at a point ðx ; y ; zÞ compared to the phase at beam waist (assuming z ¼ 0 at the beam waist). In the high field laser physics, the Gouy phase shift plays an important role in the modern optics. It accounts for the different frequencies of transverse modes in laser resonators [14] . In nonlinear optics, the efficiency of high-order harmonic generation with focused beams is affected by the Gouy phase shift as well [15] . Assumed that the initial phases at beam waist are equal to zero, we use (30) to calculate the different phase on the optical axis between in the sagittal and tangential planes of the Gaussian beam, yielding
The subscript s and t denotes in the sagittal and tangential planes, respectively. The phase difference on the optical axis between the sagittal and tangential planes in all arms of the folded resonator was calculated respectively by using (31), indicated by red dash-dot line in Fig. 6 . The value of abscissa axis are separately equal to 0 mm, 121.8 mm, 547.5 mm, and 818.1 mm, which corresponds separately to the position at M 3 , M 1 , M 2 , and M 4 in the astigmatically compensated z-shaped folded resonator as shown in Fig. 1 . It can be seen from Fig. 6 that there is no phase difference on the optical axis between the sagittal and tangential planes in the two terminal arms (from 0 to 121.8 mm and from 547.5 mm to 818.1 mm at the abscissa axis). It means that the phase distortion on optical axis in the two terminal arms is also completely compensated. Since some astigmatism still remains in the middle arm, the beam waist positions in sagittal and tangential planes do not coincide and their beam waist radii are not equal each others, thus causing a large constant geometric phase shift difference k ðl 0 1s À l 0 1t Þ ¼ À21532:14 rad and a Gouy phase shift difference.
The distribution of equiphase surface of Gaussian beams outside the optical axis can be described by k ðx 2 þ y 2 Þ=2R in (30), which represents the phase shift caused by the difference between a off optical axis point ðx ; y ; zÞ and another one (0, 0, z) on optical axis. The equiphase surface of astigmatism-free Gaussian laser beams is a spherical surface with a radius R described by (12) . For the sake of convenience, the equiphase distortion is described by the difference value Áð1=RÞ of the curvature of the equiphase surface 1=R in sagittal and tangential perpendicular planes. Equation (12) is utilized to separately calculate the value of wavefront radius of curvature in the sagittal and tangential planes, and we can easy to obtain the difference of them, yielding
We use (32) to calculated separately in three arms of the astigmatically compensated z-shaped folded resonator, and obtain the Áð1=RÞ variation curves with optical axis inside the cavity as indicated by blue dot line in Fig. 6 . It can be seen from Fig. 6 that there is no equiphase surface difference between the sagittal and tangential planes in the two terminal arms. It means that the equiphase surface distortion in the two terminal arms is also successfully eliminated by using a pair of concave mirrors in our folded resonator. In a word, our study results denote that in the astigmatically compensated z-shaped folded resonator we designed, not only the deformation of the spot intensity profiles but, in addition, the distortion of the phase distributions including the geometric phase shift, Gouy phase shift and the equiphase surface, in the sagittal and tangential planes, are completely compensated.
Conclusion
In conclusion, we have derived exact analytical expressions for the mutual astigmatic compensation for curved mirrors in a folded resonator. The formulae are derived using the theory of propagation and transformation of Gaussian beams. When the two derived astigmatism compensation formulae are satisfied, one of the folded curved mirrors can completely compensate the astigmatism introduced by the other folded mirror. Our analytical expressions can be easily applied to the design of astigmatically compensated folded resonators. A typical side-pumped z-shaped cavity Nd:YAG laser is used as an example to experimentally verify our expressions. The experimental results are in good agreement with the theoretical predictions, demonstrating that not only the spot intensity profiles deformation but also the phase distortion in the two terminal arms in the cavity can be completely compensated.
